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Notations

Differential geometry is the study of properties that are invariant under change
of notation. Here are the ones in this document that may require clarification:

(Q,9) d-dimensional Riemannian manifold

gmn ¢ in local coordinates

Q,00 Interior and boundary of Q

(g Inner product given by g

L2(Q;TN) L? space of vector fields

(s Y L2 (@) Inner product on L2(2; TQ) given by g

A = div grad Laplace-Beltrami operator

x(Q) Space of smooth vector fields

(U, ), U, f Coordinate chart, U = e(U), f=fo o1
UccV U is a compact subset of V

H*(Q) Sobolev space of order s on (2

H .(Q) Localised Sobolev space of order s on 2
H§(Q) Closure of Cg°(€2) in H*(Q)

df Differential of f

D; j-th partial derivative in local coordinates
D;? j-th difference quotient of size h in local coordinates
D“ a-th partial derivative in local coordinates

Whenever an estimate ||ul|g < Cqp.e.,...(|Jull g + [|ullg + - -
constant depends only on a, b, ¢, - - -, which may change throughout a proof.

Test functions

) is given, the



1 The Energy Estimate

Let (Q,g) be a smooth, Riemannian manifold, A = div grad be the -
Laplace-Beltrami operator, X € X(Q) be a smooth vector field, ¢ € C*°(Q) be
a smooth function, and L be the differential operator defined by

Lu=—-Au+ Xu+ cu
then there exists a map
C=(Q) x D(Q) R (u,6) > (1, 6), = (Lu, &) 120y
known as the sesquilinear form associated with L. By Green’s formulas,
(Lu, @) 12(qy = (du, dd) 12 qrq) + (XU, @) 12y + (€U, @) 12(q) (1)

To evaluate (u, ¢), it is sufficient to differentiate both terms once. This yields
an estimate

|{u, ) | < Cx HduHL2(Q;TQ) ||¢||H1(Q) + Ce ||U||L2(Q) ||¢HL2(Q)
< O ull g o 1ull g )
so (-,-); is a sesquilinear form on H'(Q) x HJ (), which defines an operator
L:H' Q) — H Q) uw (u),
If L = —A is simply the Laplacian, then for any u € HE(Q),
(u,u), = HduHig(Q;TQ) is the Dirichlet energy. In addition, if Pointcaré’s
inequality holds, then \|u||§11(9) < Cq,r (u,u) . In the more general case,

(u,u), contains the Dirichlet energy, but also a number of lower order terms,
which can be offset to produce a similar estimate:

Lemma 1.1 (Energy Estimate, [3, Theorem 5.1.3], [2, Theorem 6.2.2]). Let
u € H}(Q), then

[l 71 () < Ca(Re ((u,u),) + (Cr + Co) |[ull72())

where
1. If X =0 and ¢ > 0', then C}, = 0.

2. If every connected component of €2 has non-empty boundary, then
Cg, =0.

Proof. By Cauchy’s inequality with ¢ = 1/(2Cx),
2
(u, u), = ||dull2 .m0y + (XU, u) p2(g) + (cs u) 2 (q)

2 2
Re ((u,u) ) > ||dUHL2(Q;TQ) - Cx ||du||L2(Q;TQ) ||UHL2(Q) - Ce HUHLZ(Q)

Y

1 2 2
D) ||du||L2(Q;TQ) -Cx HU||L2(Q) - Ce ||U||L2(Q)

!These conditions may be relaxed to a bound on || X||,, and a lower bound on c if Pointcaré’s
inequality holds.



SO
2 2
lldul| 720,70y < 2((u,w)p, + CL [[ullz2(q))
where C';, can be taken to be 0 if X = 0 and ¢ > 0. Therefore

l[ullr 0y < Calllullzeq) + 1dull 2 gura)
< Ca(Re ((u,u) ) + (Cr + Ca) llull72(q)

If every connected component of 2 has non-empty boundary, then by
Pointcaré’s inequality,

[[ull2 (@) < Ca lldull2(qira) < CaRe ((u,u) ) + Cr [lull72(q))

and C{, can be taken to be 0. O

2 Regularity of Solutions

The estimate in Lemma 1.1 suggests that the regularity of u can be inferred
from the regularity of Lu. More specifically,

Lemma 2.1 ([3, Theorem 5.1.3]). Let u € H}(Q), then
2 2 2
lullgr @) < CaL(l[Lullg -1 (q) + lullL2q)
Proof. By Lemma 1.1,
2 2
ull71 0y < Ca(Re ((u,u)r) + [ul|72q))
Using Cauchy’s inequality with ¢ = 1/2(Cq),
2 2
||uHH1(Q) < CQ(HLUHH*l(Q) ||UHH1(Q) + ||uHL2(Q))
Lo 2 2
< 5 el @) + CalllLully-1(q) + [ull 2 (o))

2 2 2
[ullzr (@) < 2Ca (|1 Lullf-1 (o) + [Jullz2 ()

Assume for a moment that Q = R%, L has constant coefficients, and
Lu € HY(R?). For any 1 < j < d, the derivative Dju can be computed using
difference quotients. Thus for h # 0 sufficiently small, by applying Lemma 2.1
to D'u

‘7 9

1D} ull 1 ey < CUILDJ )l -1 +HIDf ull 2 (ay) < C'(1|Lull g2 ay +[ull 1 (gay)
since L and D;-‘ commute. Thus ||ul| g2 ga) < C(||D;-‘(Lu)|\H71 + |ull g1 (ray)-

When the coefficients are not constant, the commutator can be bounded as
follows.



Lemma 2.2. Let U C R be a bounded open set and

Lu = Z anD%u

la|<n

be a differential operator of order n with a, € C®(U). Let k € Z, 1 < j < d,
h # 0, and u € H**"(U) with supp (u) CC U, then

(D)L — LD} )ul| ey < O ] grasn oy
for all h # 0 sufficiently small.

Proof. By the product rule of difference quotients,

D?Eu = Z D;L(aaDo‘u) = Z aaDa(D?u)—&- Z (D;Laa)r,hej (D%u)

lo|<m. loe|<n. loe|<n

LDhu (DPL-LDM)u
Since each a, € C*°(U), there exists C > 0 and C’ > 0 such that

DA~ EDMyulms oy < C 3 1D ull e ) < €'l oo

lal<n
O
The two lemmas above combined are sufficient to establish regularity when
u € H}(Q) is supported in a coordinate neighbourhood.
Lemma 2.3 (Local Regularity, [3, Lemma 5.1.4]). Let k& > 0,
u € H*(Q) N HE(Q), and suppose that
1. Lu e H1(Q).
2. There exists a chart (U, ¢) such that supp (u) CC U.
3. Either UN 9N =0, or o(UNIN) C {zq = 0}.
then
2 2 2
[l 71y < Con([Lu[ge-1 ) + [[ullze o) (2)
Proof. Let U= ©(U) and @ = uo ¢~ 1. Since u is supported in a coordinate
patch, L has representation in local coordinates as
d d
Lu=1Li=— Z g™ D, D, + Z Y"D, i+ cu (3)

m,n=1 n=1
with each coefficient in C°°(U). In addition, Equation 2 is equivalent to
ll e, < Conn (1l yas g, + 1l e )

So all estimates can be computed in local coordinates. In particular, difference
quotients become a viable method of estimating the H**1(U) norm of u.



If k£ =0, then the lemma is shown by Lemma 2.1. Now suppose inductively
that the lemma holds for k, u € H*T1(Q), and Lu € H*(2). Since 99 is given
by {zq = 0} (if U NOQ # 0), the difference quotient D) is defined for each
1 < j < d-1. By the inductive hypothesis applied to D’?ﬂ,
||D uHHk-H <Cq L(HL(DhA)”Hk 1) + HUHHM—l U))

< CQ,L(HD?LUHHk—l(ﬁ) =+ ||U|‘Hk+1(ﬁ))

+Co,L|l(DFL — LD}l i )
By Lemma 2.2, the commutator can be estimated as

||(D§LL - LD?)aHHk—l(ﬁ) < CLHaHH’w—l(ﬁ)

So for all h # 0 sufficiently small,

D2y ) < Car (DI LR ) + 10
Sending h — 0 yields
1Dy ) < Cont (1D, Tl s+ s )
SO
||Dju||Hk+1(U) < CQ L ||Lu||Hk(fj) + Ha||§{k+1(ﬁ)) (4)

To deal with |[Daul| i1 (g, it is sufficient to estimate ||D;j Dqul| g gy for all
1<j<d Foreach1l<j<d-—1,since D;Dgu= DgDj;u, Equation 4 gives

||DdD uHHk < ||D uHHkJrl(U) < CQ L(||Lu||Hk(U) + Hu||Hk+1(U)) (5)

Thus DgDgu is the only remaining derivative to estimate. Since the matrix
(g™™) is positive definite, g%¢ > 0. By compactness and Equation 3,

1DaDaill| gy < CLllLal gy +Cr Y 1Dm D] o
m,n#(d,d)

d
+Cg Z IDml| ey + Crlltl] g

m=1
< CQ,L(HLaHHk(ﬁ) + ||aHH’c+1(l7))

the derivative DyDgu can be estimated in terms of every other second order
term. Therefore Equation 4 and Equation 5 gives

~ ~ ~112
||Ddu||Hk+1((7) < CQ,L(”Lu”qu(ﬁ) + ||“||Hk+1((7)) (6)
Finally, by combining Equation 4 and Equation 6,

~112
11212y < Co (TR g, + [l )



To transfer this local bound fully to €2, it is sufficient to bound the
commutator of L and multiplication by n € C*(Q).

Lemma 2.4. Let n € C*®(Q) and u € H* N H}(Q), then
(1 L(u) = n(Lu)l| gr-r(a) < Cra(l[ull e o))
Proof.
L(nu) = —nAu — 2 (dn, du) , — uAn + n(Xu) + u(Xn)

= n(Lu) = 2{dn, du) , — uln + u(Xn)

S0
[1L(nu) = n(Lu)l| g1y < Cag |lull gy + Cn llull gr-r(q) < Cnllull e q)
0

Theorem 2.5 (Interior Regularity, [3, Proposition 5.1.9]). Let k > 0,
u € HE (Q) N HL (Q), and suppose that Lu € H{'_' (), then for any open
sets V.CC U CCQ,

ull s vy < Co,nov (1 Lull e oy + 1wl gery)
Moreover, if u € H}(€2), then the above also holds for V.cc U ccC Q.
Proof. Let n € C°(U), then nu € H}(Q2), and by Lemma 2.3 and Lemma 2.4,
[ull i ) < Co (LTl g ) + Il gr o))

< CQ,L(H”(LU)HH’C*l(Q) + ||In(Lu) — L(nu)”kal(Q) + ||77u||Hk(Q))
< Ca,La(1Lull gror @y + [l e )

Let {(Uj, ¢;)}] be a family of charts covering V, and {n;} € C*(U) be a
partition of unity on V subordinate to {U;}}, then

||“‘|Hk+1(v) < Z ||77ju‘|Hk+1(Q) < CQ,L7U7V<HL“||H’%1(U) + ||U||Hk(U))
j=1

If Q is compact, then the local estimates translate directly into global
estimates.

Theorem 2.6 (Elliptic Regularity Theorem, [3, Theorem 5.1.3]). Suppose
that Q is compact. Let k > 0, u € H*(Q) N H}(Q) with Lu € H*~(Q), then

2 2 2
||U|\Hk+1(9) < CQ,L(HLUHHk—l(Q) + HuHH’“(Q))

Corollary 2.7. For any u € H\ () such that Lu € C*(), u € C>().
Corollary 2.8 ([3, Corollary 5.1.5]). The eigenfunctions of L belong to C'*°.



3 Existence of Solutions

To make use of the global regularity result, assume that 2 is compact in this
section. For sufficiently large v > 0, the energy estimate shows that

[ull21 0y < CalRe ((u,u),) + 7 [ullaq) < CaRe(fwu),,)  (7)

so the sesquilinear form (-,-); . is coercive, so (L +7) : Hy(Q) — H~1(Q) is
injective. Combining this with the identification HE(Q2) = H~1(2) shows that
(L + ) is in fact invertible.

Lemma 3.1 ([3, Proposition 5.1.1]). There exists v > 0 such that

(L+7): Hy(Q) = HY(Q) uw (u)p

is an isomorphism.

Proof. By Equation 7, ||Lul| -1 (q) = Ca,r ||ull g1 (q), S0 (L +7) coercive, has
closed image, and admits a bounded inverse.

Suppose that (L + ) is not surjective, then there exists 0 # ug € Im(L + )= .
By the Riesz representation theorem, there exists 0 # ug € Hg () such that
(u,ug) 4., = 0 for all u € Hy(Q). In particular,

Car ||u8||H1(Q) < Re((ug, ug)r4,) =0
which is a contradiction. Therefore (L + «y) is an isomorphism. 0

If v can be taken to be 0, then L is an isomorphism. In other cases, the
invertibility of L can be inferred from the Fredholm alternative:

Theorem 3.2 (Existence of Weak Solutions, [3, Proposition 5.1.9]). The
operator
L:H}Q) — H Q)

is Fredholm of index zero. Thus it is an isomorphism if and only if L is
injective.

Proof. Denote T'= L + v and let u € H}(Q), then Tu = Lu + ~yu, so
u=T"'Lu+~T " uand Lu = T(I —yT~')u. In view of Theorem 2.6, T~! is
a bounded linear operator from Hg(2) to H3(Q) N H(Q). By Rellich’s
theorem, YT~ : HY(Q) — H () is compact, and L is a Fredholm operator of
index zero. O

The existence theory can then be used to solve the homogeneous Dirichlet
problem.

Proposition 3.3 ([3, Proposition 1.7]). Let k > 0 and suppose that

L: H}(2) — H~Y(Q) is an isomorphism, then there exists a unique bounded
linear map

PI: H*Y/2(9Q) — H*1(Q)
such that for any g € H*1/2(9Q), L(Plg) = 0 and Plg|sq = g.



Proof. Using an inverse of the trace operator 71 : H*+1/2(9Q) — H*F1(Q),
PI can be expressed as

Pl(g) =L~ 'Lt 'g+7"'g

where L1 : H*=1(Q) — H**1(Q) is bounded by Theorem 2.6. Given that L is
an isomorphism, this inverse is uniquely determined. O

Finally, combining the existence theory in both cases allows solving the
non-homogeneous Dirichlet problem.

Theorem 3.4 ([3, Equation 1.42]). Let k£ > 0 and suppose that
L: H}(Q) — H~'(Q) is an isomorphism. For any f € H*1(Q) and
g € HF1/2(9Q), there exists a unique u € HFT1(Q) N H () such that

{Lu =f on{)
u=g¢g ondf
where
||u||Hk+1(Q) < CL,SZ(HfHkal(Q) + Hg||Hk+1/2(aQ) + ||U||Hk(Q))
In particular, if f € C*°(Q) and g € C*°(9€), then u € C*°(1).

Proof. Let u = L™ f + Plg, then the estimate is given by Theorem 2.6 and
Proposition 3.3. Since L is an isomorphism, this inverse is also uniquely
determined. O

The Laplacian itself is a semipositive, self-adjoint operator. Combining this
and the regularity result yields the spectral decomposition of L?(€2).

Proposition 3.5 ([3, Proposition 5.1.2]). Let L = —A, then

1. There exists an orthonormal basis {u;}7° € L*(Q) N C*°(Q2) of
eigenfunctions of L for L?(Q).

2. The eigenvalues {);}{° of L are non-negative and accumulate at +ooc.

Proof. For any ¢, € H(2) such that L¢, Ly € L(£2),

(Lo, 7/’)1;2(9) = <d¢7d¢>L2(Q;TQ) = <¢’,L1/J>L2(Q)

By Lemma 3.1, T = L + « is an isomorphism for sufficiently large v > 0. For
any u,v € L?(2), there exists ¢,v € H}(Q) with u = T¢ and v = T1).

(T u,v) 200y = (T7'T, TY) 12(0) = (6, T¥) 12(0)
= <T¢,¢>L2(Q) = <'LL,T_1’U>L2(Q)

Since the embedding H?(Q) — L*(Q) is compact,

T 120y : L2(Q) = H*(Q) N Hy(Q) C L*(Q)



is a compact self-adjoint operator. Thus there exists an orthonormal basis
{u;}7° € L*(Q) of eigenfunctions of T~* for L?(12), and the eigenvalues {y;}°
of T71 accumulate at 0. For each j € N, T~ 'u; = pju; implies that

By Theorem 2.6, {u;}° € L*(2) N C*°(Q). In addition,

2
(Tuj, uj)r2 () = <duj7duj>L2(Q;TQ) +7 ||U‘HL2(Q)

> <duj7duj>L2(Q;TQ) = <L“J’“j>L2(Q) =0

so each uj, A; > 0. Given that {u;}]° accumulates at 0, {A;}]° accumulates at
—+o00. O

The sesquilinear form allows expressing the eigenvalues as minimums over
subspaces of Hg(£2), and the eigenfunctions as the minimisers. In addition, the
smallest eigenvalue of L corresponds to a sharp estimate of the constant for
Pointcaré’s inequality.
Theorem 3.6 (Max-Min Theorem, [1, Section 1.5], [3, Exercise 5.1.2]). Let
L=-A, {)\j}cfo be an increasing enumeration of its spectrum, repeated based
on multiplicity, and {u;}7° C L?() be the corresponding eigenfunctions, then
for each m € N,

<u’ U’>L

min —
u€Hg (D\{0} [|ul[ 720
ul{us}pt

where the minimum is achieved when u is an eigenfunction for \,,. Moreover,

Am = max min 7<u,2u>L
oo S Tl

where the maximum is achieved when N = Span(uj 1<j<m-—1). In
particular,

= min M: min %
weHs @) [fullpa i) M@ [fullzaq

If every connected component of 2 has non-empty boundary, then A; > 0, and
for any u € H} (),

2 1 2
||“HL2(Q) < )\THdUHLZ(Q;TQ)

with equality when u is an eigenfunction for A;.

10



Proof. For any u € H}(Q), write u = > jeN
the bilinear form to (u — EJ 1 aju;) shows that

ajuj. For each n > m, applying

n

0= 22% (1, 5) oy T D @j0RA; (1, Uk) 20
k=1
Z agA;j (u,u;) L2(Q)
j=m

SO

2
Am ||UHL2 < Z /\J = (u, u), = (du, d“>L2(Q iTQ)
j=m
where equality holds when u is an eigenfunction corresponding to A,
Now, let N C H}(Q2) be a (m — 1)-dimensional subspace, and
M =span(u; : 1 < j < m), then there exists v € M with v L N. In this case,

<du,du>L2(Q;TQ) < <dv’dv>L2(Q;TQ) <A

— 'm

WIN T[] 2 T
gy L2(@) L2(9)

If every connected component of 2 has non-empty boundary, then
(Lu,u) 200y > 0 for all u € H} () with u # 0, so A; > 0. O

11



A Results Used

Lemma A.1 (Cauchy’s Inequality). Let a,b > 0 and € > 0, then

b2
ab < ea® + —
4e

Theorem A.2 (Pointcaré’s Inequality, [3, Proposition 4.5.2]). If every
connected component of € has non-empty boundary, then for any u € H}(Q2),

lull 20y < Ca lldull L2 (q)

Theorem A.3 (Rellich’s Theorem, [3, Proposition 4.3.4]). If £ is compact,
then for any s € R and ¢ > 0, the inclusion

L HT7(Q) — H5()
is compact.
Theorem A.4 (Green’s Formulas). Let u,v € C*(Q), then
(u, —=A0) () = (du, dv) 1, 0.7q) — (U 000) 1050

and

/ uAv — vAudV = / vo,u — ud,vdS
Q o0

In particular, if u,v € C$°(Q2), then

(u, *A”>LP(Q) = (du, dU>Lp(Q;TQ)

Proposition A.5 (Inverse of Trace, [3, Proposition 4.1.7]). Let s > 0, then
there exists a bounded linear operator

1 HY(09Q) - HP2(Q)

such that for any u € C°(99Q), 7~ ulsq = u.
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